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We consider FRW cosmology in non-local modified gravity. Its local scalar-tensor formulation 
is developed. It is explicitly demonstrated that such theory may lead to the unification of early- 
time inflation with late-time cosmic acceleration. The quintessence or phantom era may emerge for 
- - - specific form of the action. The coupled non-local- _F(_R) gravity is also investigated. It is shown 

that such theory being consistent with Solar System tests may lead to the known universe history 
I sequence: inflation, radiation/matter dominance and dark epoch. 

^ ■ PACS numbers: ll.25.-w, 95.36.-l-x, 98.80.-k 
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m ' I. INTRODUCTION 

Modified gravity [l| suggests serious alternative for dark energy origin. Indeed, it may be naturally expected that 
' gravitational action contains some extra terms which became relevant recently with the significant decrease of the 
universe curvature. The number of metric formulation modified F{R) gravities has been proposed [lL_0JlJ3, Q w th 
^ ■ the purpose to explain the origin of cosmic acceleration. Special attention is paid to F(R) models [a, I a £| with the 
'"^ ' effective cosmological constant phase because such theories may easily reproduce the well-known ACDM cosmology. 

Such models subclass which does not violate Solar System tests represents the real alternative for standard General 

■ Relativity. 

^ , From another point, it is expected that due to string/M-theory corrections the early-time universe may be also 
' governed by modified gravity which initiates the inflationary epoch. Some (phenomenological) modified gravities 
] which may unify the inflation and dark energy have been proposed [1, Q . The search for viable gravitational dark 
(•~^ ■ energy /inflation continues. Recently, it was suggested to consider non-local gravity[l3 which may be produced by 
quantum effects as the source of cosmic acceleration. 

In the present letter we propose the class of non-local modified gravities with the effective cosmological constant 
' epoch. The local scalar-tensor formulation of such theory is developed. Several explicit examples are considered where 
, it is shown that such non-local gravity may lead to the unification of the early-time inflation with late-time acceleration 
being consistent with the known universe expansion history and local tests. For other examples, non-local modified 
gravity may lead to quintessence/phantom cosmology. Non-local gravity coupled with F(R) theory is considered. It 

■ is demonstrated that it is even easier to achieve the unification of the early-time inflation with late-time acceleration 
5h , (with radiation/matter dominance phases between them) in such coupled theory which seems to be consistent with 

local tests. In fact, it is shown that it is natural to unify the early-time infiation with late-time acceleration in modified 
gravity with two different types of terms: first being relevant at the early universe and second being relevant at late 
universe. 

II. UNIFYING INFLATION WITH DARK ENERGY IN THE NON-LOCAL MODIFIED GRAVITY 

In this section we present local (scalars-tensor) formulation of non-local gravity. The explicit example of such theory 
which naturally leads to the unification of inflation with cosmic acceleration is worked out. 
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The starting action of the non-local gravity is given by 



(1) 



Here / is some function and □ is the d'Almbertian for scalar field. Note that our approach is purely phenomenological. 
Generally speaking, such non-local effective action may be induced by quantum effects (for instance, via RG improving 
[lH). The above action can be rewritten by introducing two scalar fields 4> and ^ in the following form: 



d x\/~g 



—r{R{l + fm + e (□</- - R)} + >Cmattcr 



^ {i? (1 + fm - d^^d^(j) - ^R} + r^^atter 



(2) 



By the variation over ^, we obtain Dcj) = i? or = □ ^R. Substituting the above equation into one reobtains ([T]). 
Varying ^ with respect to the metric tensor g^^, gives 



= ^g^.ARa + fW-0-dp^dP^}-R^Ai + fW-0 



On the other hand, the variation with respect to (f) gives 

= ne + /'(0)i? . 

Now we assume the FRW metric 



ds^ 



(3) 

(4) 
(5) 



and the scalar fields (f> and f only depend on time. Then Eq.Q has the following form: 



(1 + /(0) -0 + li<i^ - 3H {^rm + ^^p , 



1 z ^ 



= 2i7 + 3H^ (l + /(0)-e) + 7Te<^ +119+2^17 + 



dt^ 



dt 



(6) 
(7) 

(8) 
(9) 

(10) 



Here m and n are positive integers. Again, for the action (|10p . by introducing 2ri-scalars, one can rewrite the action 
in a local form: 



On the other hand, scalar equations are: 

= 0-1- + 6H + 12H^ , 

= S,+3H^- (gH + 12H^^ f'{(t)) . 

The remark is in order. We may consider more general action: 

S = J d'^xy^ [F {R, DR, D^R, • • • , □"i?, D'^R, D-'^R, • • • , □""i?) + £„ 



S = I d^ 



Xy'-g 



F (R, OR, a^R, • • • , n"^R, 4)1, (t>2, 



J2^k {n''4k~R) + c„ 



k=l 



(11) 



The generalization for non-integer m is also possible. 

We now assume deSitter solution H = Hq, then Eq.® can be solved as 



-3Hot 



(12) 
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with constants of integration, 0o and cjji. For simplicity, we only consider the case that 4>o = 4>i = 0. We also assume 
is given by 

/((/.) = /oe"* = /oe-^f^"^ . (13) 

Then Eq.® can be solved as follows, 

^ = ^e-^"^"* + J^e-3ff°* - . (14) 

Here and are constants. For the deSitter space a behaves as a = aoe^"*. Then for the matter with constant 
equation of state w, we find 

p = poe-3(»+i)^o* . (15) 
Then by substiruting IH]), and IHl) into ©, we obtain 

^ -ZHl (1 + a) + 6i/oVo (26 - 1) e-^^«" + ^^06^^^'"+'^^°* • (16) 

When pq = 0, if we choose 

b=\, 6=-l, (17) 
deSitter space can be a solution. Even if p 7^ 0, if we choose 

h^-{l+w), /o = -, £i = -l, (18) 

there is a deSitter solution. 

In the presence of matter with w 7^ 0, we may have a deSitter solution H = Hq even if f{(j}) given by 

/(0) = /oe*/2 + /ie3(-+i)*/4 (^9) 

Then the following solution exists: 

4> = -4Hot, e=l + 3/oe-2^°* + ^e-3(-+i)ffot ^ ^ ^ 3(3^; + l)goVi ^-3(i+^)Hot 



(20) 



Note that iJp in (|12p can be arbitrary and can be determined by an initial condition. Since Hq can be small or large, 
the theory with function NLdS2 with 6=1/2 could describe the early-time inflation or current cosmic acceleration. 
Motivated by this, we may propose the following model: 



/oe"^/" > > 



'1 



f{4>) = < > > 02 . (21) 



-</.2+<?ii)/2 < 02 

Here 0i and 02 are constants. We also assume that matter could be neglected when > > 0i or < 02- Since 
the above function /(0) is not smooth around = 0i and 02, one may replace the above /(0) with a more smooth 
function. When > > 0i or < 02, the universe is described by the deSitter solution although corresponding Hq 
might be different. When 0i > > 02, since /(0) is a constant, the universe is described by the Einstein gravity, 
where effective gravitational constant k^s is given by 

cn 

(Note that in non-local gravity when auxiliary scalar is not constant, the Newton coupling constant is defined ambi- 
giously.) Then due to the matter contribution there could occur matter dominated phase. In this phase, the Hubble 
rate H behaves as H — , j.-, with a constant tn and the scalar curvature is given by i?= ^ttAtvt- Now we assume 

that the universe started at i = with a rather big but constant curvature R = Rj = 12Hj with a constant Hj, that 
is, the universe is in deSitter phase. Then in the model (HI]), by following behaves as = —AHjt. Subsequently, 
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at t = ti = —(pi/AHj, we have (j) = and the universe enters into the matter dominated phase. If the curvature is 
continuous at i = ti, tg can be found by solving 

R = ^ = . (23) 

3(io+ii)' 

If (p and (j) are also continuous, when 01 > > 02, is given by solving ([5]) as 

= -^ln(^^^ -0(i-ii) + 0i , 0= -4if/(fo + <i)' + ^(to + <i) . (24) 

When (f> — (f>2, the deSitter phase, which corresponds to the accelerating expansion of the present universe, could have 
started. The solution corresponds to deSitter space (with some shifts of parameters) and Hq = Hl could be given by 
solving 

12iJ? = 7 . (25) 

3{t0+t2f 

if the curvature is continuous at = 02. In (I25p . t2 is defined by 0(t2) = 4>2- Thus, we got the cosmological FRW 
model with inflation, radiation/matter dominated phase, and current accelerating expansion. 

III. PHANTOM COSMOLOGY IN THE NON-LOCAL GRAVITY 

Let us demonstrate that non-local gravity may also lead to the effective phantom cosmology without need to 
introduce the non-physical scalar with negative kinetic energy. The quintessence cosmology may also emerge. 

We now investigate if there could be power law solution corresponding to quintessence or phantom cosmology, where 

H^'-j (a oc t''«) . (26) 

Then a solution of Eq. ^ is given by 

= 00 In — , 00 = — rr • (27) 

to 1 - Sho 

Here to is a constant. We now assume, as in ([T3l) . /(0) is given by 

/ , \bho 

/(0) = foe"^ = fo i^-J . (28) 



Then by solving Eq.® as 



(600 + 3/io - 1) 00 V*o/ -3ho + l\to 
Here and fi are constants of integration. We also find 



-3(l+u.)ho 



P = Po[-) . (30) 

When po = 0, Eq. ^ can be satisfied if 

ii = l , = -6hl {-6ho + I2hlf + (-42/1^ + 9ho + l) {-6ho + 12hl) (1 - 3/io) b + 6/i^ (1 - 3hof . (31) 



fo and fo could be arbitrary. Then if we give b satisfying the second equation in (|3ip . there could be a power law 
solution. Even if po 7^ 0, there could be a solution if 

^ ^ ^ ^ {2-3(l + u;) ho} {1- Sho) ^ «Vo 
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In other words, if we start with the theory where b and /o are given by (|32p . we obtain the cosmological solution given 
by (pS)) with (P7)) and (P^ . In the above formulation /iq is an arbitrary. Since the effective equation of state (EoS) 
parameter Wcs is given by 

«'eff^-l-^ = -l + J;^, (33) 

any Wcs corresponding to quintessence or phantom can be realized in this non-local gravity. Especially if /iq is negative, 
the effective phantom cosmology occurs. When ho < 0, we may shift t as t — tg and assume t < ts in the present 
unverse. Then we have 

and t = ts corresponds to the Big Rip singularity. 



IV. UNIFICATION OF THE INFLATION WITH COSMIC ACCELERATION IN THE 

NON-LOCAL-F(R) GRAVITY 

Let us discuss the accelerating early-time and late-time cosmology in the non-local gravity where F(i?)-term [H is 
added. The starting action is: 



S = J d^x^ I -^R (1 + f{U-^R)) + F{R) + /:„,attcr| 



(35) 



Here F{R) is some function of R. FRW equations look like 

1 ; • 



3i/2 (1 + _ ^) + _ 3i/ _ ^) 

F{R) + 6 fi?2 + h] F'{R) - 36 Uh^H + HH] F"{R) + p , (36) 







2H + iH') (1 + /(0) - + + + 2^^) (/(<^) - 
F{R)-2(^H + 3H^^ F'{R) + K^p . (37) 

Here R = 12H^ + 6H. 

We may propose several scenarios. One is that the inflation at the early universe is generated mainly by F{R) part 
but the current acceleration is defined mainly by / (D^^i?) part. One may consider the inverse, that is, the inflation 
is generated by / (D^^R) part but the late-time acceleration by F{R). 

For instance, for the first scenario one can take: F{R) = j3R^ . Here /? is a constant. We choose f{U\~^R) part as 
in p3)) with b = 1/2 but /o is taken to be very small and (p starts with cf) = Q. Hence, at the early universe / 
is very small and could be neglected. Then due to the F(i?)-term ((37|). there occurs (slightly modified) i?^-inflation. 
After the end of the inflation, there occurs the radiation/matter dominance era. In this phase, (/) behaves as in (|24p : 

(j) = — I In i^j-^ ^ 4'i {t — £o) + 02- However, the constants to, 0i, and 02 should be determined by the proper initial 

conditions, which may differ from that in (j24p . We now assume (f>i is very small but negative. From the expression 
of (|13p it follows f{<j)) becomes large as time goes by and finally this term dominates. As a result, deSitter expansion 
occurs at the present universe. 

For the second scenario, the early-time inflation is generated by / (D^^i?) part but the cosmic acceleration is 
generated by F{R). As an F(i?)-term, one can take the model 0: 



ci {R/r 



which has the following properties 



FHsiR) = /p/ 2\" I 1 ' (38) 

C2 [R/m^) + 1 



lim Fhs{R) = const , 

YimFHsiR) = , (39) 
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The second condition means that there is a flat spacetime solution (vanishing cosmological constant). The estimation 
of ref. 7] suggests that R/rn^ is not so small but rather large even at the present universe and R/m? ~ 41. Hence, 

Fhs{R) ^ ~'^T7^ + ^'^IF^ (t^) which gives an "effective" cosmological constant — m^ci/c2 and generates the 
late-time accelerating expansion. One can show that 

i/2 _ ^ ■ vcf ^ (lO-33eV)' . (40) 

2 

At the intermediate epoch, where the matter density p is larger than the effective cosmological constant, p > "^^^^ , 
there appears the matter dominated phase and the universe expands with deceleration. Hence, above model describes 
the effective ACDM cosmology. 

As a / (n^^i?) part, we consider theory (fT3|) with h — 1/2, again. It is assumed /o is large and / (D^^i?) term could 
be dominant at the early universe. Hence, following (|12p . becomes negative and large as time goes by and therefore 
/((/)) becomes small and could be neglected at late universe. Then there appears naturally the radiation/matter 
dominated phase. After that due to i^//s(i?)-term (p8|. the late-time acceleration occurs. 

Although the model [t^ is quite succesful, the early time inflation is not included there. In fs^, it was suggested 
the modified gravity model to treat the inflation and the late-time accelerating expansion in a unified way. In order 
to generate the inflation, one may require limfl^oo f{R) — ^A^. Here A^ is an effective cosmological constant at the 

early universe and therefore we assume A^ ^ (lO^^'^eV)^. One may assume Ai ~ 10^°^^^^. In order that the current 
accelerating expansion could be generated, let us consider that f{R) is a small constant at present universe, that is, 

f{Ro) = — 2i?o, /'{Rq) ^ 0. Here Rq is current curvature Rq ^ (lO^^'^eV) . The next condition corresponding to 
the second one in ([55)1 is: limj^^o f{R) = 0. In the above class of models, the early universe starts from the inflation 
driven by the effective cosmological constant. As curvature becomes smaller, the effective cosmological constant also 
becomes smaller. After that the radiation/matter dominates. When the density of the radiation and the matter 
becomes small and the curvature goes to the value Rq, there appears the small effective cosmological constant. Hence, 
the current cosmic expansion starts. 

In 0, two examples have been proposed. The first model is given by 

1^ AAA 

/„ + /,{(R -/!„)'■'" + /i /„ + A {(R + <■+'} 

Here n is a positive integer, n = 1, 2, 3, • • • and 

D2n+1 1 

° , = 2i?o , ^ = A, , (42) 

Jo + JiRo h 



that is 



The second model is 



p2n p2n+l r/zn i 

^'--2 A^ T' ^'-A,- 



F{R) = -fo / dRe . (44) 

Here a, /?, fo, and Ri are constants. Then by construction, as long as < /o < 1, F'{R) > — 1, which shows that 
there is no anti-gravity regime. Since 



/(i?i) - -fo I 'dRe =-/o^„(a)i?i , 

Jo 



An{a) = / dxe ^ , (45) 
Jo 

and —f{Ri) could be identified with the effective cosmological constant 2i?o, we find 

/oA„(a)i?i = Ro . (46) 
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Note that A„(0) = 1, An{+oo) = 0, and A'{x) < 0. On the other hand, since 



OO 



(47) 



Jo 



and — /(+oo) could be identified with the effective cosmological constant at the inflationary epoch, A^, one gets 



As a / (n^^i?) part, we consider (fT3)l with b = 1/2, again and assume /o is large. Thus, / (D^^i?) term could 
be dominant at the early universe. Then the inflation is generated by the combination of F{R) with non-local term. 
Following (fT2|) . becomes negative and large as time goes by and therefore /(0) becomes small and could be neglected 
at late universe. After that, there occurs the radiation/matter dominated phase. After that due to Fff5(i?)-term 
(|38| . the accelerating expansion starts. 

Some nice features of above scenario are related with Newton law which should be respected at current universe. 
For the i^(i?)-models ([55]) . (|4ip . and (jH]), the Newton law corrections have been found in 8]. It was shown that 
currently the corrections are very small. In the above scenario, where the inflation occurs due to / (D^^i?) part, its 
contribution to FRW dynamics becomes very small at late universe. Hence, the contribution fro m / (D^^i?) part to 
the Newton law correction is negligible. The same is true for so-called matter instability [3, 0, Ej]) which happens 
in some models of i^(i?)-gravity. It has been shown that such instability is absent in the above F(i?)-models psp . 
(HTI) . and 8]. Then since the contribution from / (D^^R) is very small at the late time universe, there is no such 
instability in above non-local F{R) gravity at late universe. Thus, we demonstrated that non-local gravity coupled 
with _F'(i?)-term may naturally predict the known universe expansion sequence: inflation, radiation/matter dominance 
and dark energy. 



In summary, we demonstrated that non-local gravity may be a key for the origin of the inflation and dark energy 
being consistent with simplest local tests and the known universe expansion history. The known universe epochs 
sequence is easier to realize when modified gravity is given as some combination of terms where one term generates the 
inflation while other, qualitatively different term pushes the late universe to accelerate. In addition, such combined 
modified gravity easily passes the simplest local tests. The corresponding example of non-local-F(i?) gravity is 
discussed in detail. 

More complicated versions of non-local gravity may be considered in similar scalar-tensor formulation with auxiliary 
scalars. It is important that even if more precise observational data define the EoS parameter w to be slightly different 
from —1, there exists the possibility to realize such scenario in non-local gravity as the effective quintessence or 
phantom cosmology. Moreover, the cosmological perturbations (for a review, see [l^) should be investigated there. 
This will be discussed elsewhere. 
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We now check the (in) stability in the deSitter solution in (|12m7p . For simplicity, we consider the case without 
matter. By defining 



/o/3=l. 



V. DISCUSSION 
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APPENDIX A: STABILITY IN DESITTER BACKGROUND 




1-e 



w = 



d _ d _ 1 d 
In "^d^^ Hdi ' 



(Al) 



3/(0) ' 



6ff/(0) ' 
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Eqs.®, ([8]), and ((H) could be rewritten as 

= -{l + 3Y)-4:XW + 2X + 6W , (A2) 

dN = -[HdN+V''+2[HdN+V ' 

= -(^'Ji+3]w^U^'Ji + 2)+2WX. (A4) 
dN \HdN J 2\HdN J ^ ' 

For the deSitter solution in (|12m7p . we have 

X ^1 . (A5) 

By multiplying d/dN with (K2\i and using (|X3)) and (|X4)) and deleting Y by we obtain 

1 

= (2 - X - 6iy + WX) 773T7 + 6 - 12T4^ - AX - 2X'^ + 12WX . (A6) 

H dN 



We now consider the perturbation from the deSitter solution (jASP : 

X = 1 + 5X , W ^l + SW , H = Hoil + Sh) . (A7) 
Here we assume \SX\, \SW\, \Sh\ < 1. Then from (|X3)) . (|X4| . and we obtain 

By deleting dSh/dN by using (|ATo1) from (jASP and (IA9I) . we obtain 

which tells (5X, SW and also Jft. oc e~^ oc 1/a. Therefore the perturbation decreases as the universe expands, which 
tells that the deSitter solution could be stable. 
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